Abstract. The non-oriented and oriented linear graph techniques are used for the kinematic analysis of bevel-gear trains. In this paper, these two techniques are compared and the weaknesses of each technique are shown. In order to overcome the weaknesses of these techniques a new graphical technique called Tsai-Tokad (T-T) graph is introduced incorporating the important feature of the non-oriented graph which helps to determine the transfer vertex and the oriented graph technique. The theory is demonstrated by the kinematic analysis of articulated robotic mechanism used by Cincinnati Milacron T 3 .
Introduction
The application of graph theory to the kinematic analysis of robotic bevel-gear trains has been well established in recent years [1] [2] [3] [4] . Two different graph techniques are used for the kinematic analysis of robotic bevel-gear trains. These are non-oriented and oriented graph techniques. Non-oriented graph technique was first introduced by Freudenstein [5] . The method utilizes the concept of fundamental circuits. The method was elaborated in more detail by Freudenstein and Yang [6] and then a computer algorithm and canonical representation of the mechanisms were developed by Tsai [7] .
The oriented linear graph technique has been used since the early sixties [8] [9] [10] [11] for the electrical networks and other type of lumped physical systems including the mechanical systems in one-dimensional motion. Chou et al. [12] have extended these techniques to three-dimensional systems by using the same approach. The most significant work with the derivation of a general and compact mathematical model of a multiterminal rigid body in three-dimensional motion was that of Tokad [13] . In this derivation, a systematic approach, so called Network Model Approach is developed for the formulation of three-dimensional mechanical systems. Network model approach was elaborated for the kinematic and dynamic analysis of spatial robotic bevel-gear trains by Uyguroglu and Tokad [14] [15] . In [15] , a new oriented graph technique was used for the relation of relative angular velocities of bevel-gear trains.
In this paper, the comparison of the non-oriented and oriented linear graph techniques for the kinematic analysis of bevel-gear trains are done and the weaknesses of both techniques are shown. A new graphical technique called Tsai-Tokad (T-T) graph, which is the combination of these two graph techniques, is introduced to overcome these weaknesses. The theory is demonstrated by the kinematic analysis of the articulated robotic mechanism used by Cincinnati Milacron T 3 .
Robotic Bevel-Gear Trains
Usually a robot manipulator is an open-loop kinematic chain since it is simple and easy to construct. However it requires the actuators to be located along the joint axes which increase the inertia of the manipulator system. In practice many manipulators are constructed in a partially closed-loop configuration to reduce the inertia loads on the actuators. For example, the Cincinnati Milacron T 3 uses a three roll wrist mechanism which is made of a closed-loop bevel-gear train [16] . Figure 1 shows the functional representation of mechanisms used by Cincinnati Milacron T 3 . The mechanism has 7 links, 6 turning pairs, and 3 gear pairs. The gairpairs are: (7,3)(2), (6,5)(2), and (4,5)(3). In this notation, the first two numbers designate the gear pairs and the third one identifies the carrier arm. Links 2, 6, and 7 are the inputs of the mechanism. The rotations of the input links are transmitted to the end-effector by the bevel gears 4, 5, 6, and 7. The end-effector is attached to link 4 and carried by link 3. The axis locations of the turning pairs are as follows:
Functional Representation
Axis a: pairs1-2, 2-7, and 7-6, Axis b: pairs 2-5 and 3-5, Axis c: pair 3-4, The mechanism has three degrees of freedom. 
Non-oriented Graph Representation
In non-oriented graph representation, the following steps are followed:
( 
Fundamental Circuit Equations
The fundamental circuit equations can be applied for the kinematic analysis of the robotic bevel-gear train. Let i and j be the vertices of the gear pair and k be the transfer vertex corresponding to the carrier arm((i, j ) (k)). The transfer vertex is a vertex such that all edges on one side of this vertex are at the same level and edges on the opposite sides of the vertex are at different levels. Then links i, j , and k form a simple epicyclic gear train, and the following fundamental circuit equation can be derived as:
ω ik and ω jk denote the angular velocities of gears i, and j with respect to the arm k, and n ji denotes the gear ratio between gears j and i. n ji = N j /N i , where N j and N i denote the number of teeth on gears j and i, respectively. The gear ratio is n ji = +N j /N i , if a positive rotation of gear j with respect to the arm k produces a positive rotation of gear i, and n ji = −N j /N i otherwise, where the rotation is defined by applying the right-hand-screw rule to the rotation of the gear about its Z axis. By definition,
for all i and j. The gear train shown in Figure 1 contains three gear pairs. The transfer vertices corresponding to these gear pairs can be obtained from the graph shown in Figure 2 in a systematic way. Therefore, three fundamental circuit equations can be written as: Equations (3) and (5) 
Coaxial Conditions
Let i, j, and k be three coaxial links, then the relative angular velocities among these three links can be expressed by the following coaxial condition:
where ω ij refers to the relative angular velocity of link i with respect to j. For the robotic bevel-gear train considered we have:
and
Substituting Equation. (9) into Equation (5) gives,
Substituting Equation (8) into Equation (4) gives,
The non-oriented graph is used only to determine the gear pairs. Then the fundamental equations are written based on these gear pairs. The coaxial conditions are used for further kinematic analysis.
Oriented Graph Representation
In the oriented graph representation, each link is represented by a node (vertex) and the oriented lines between these nodes indicate clearly the terminal pairs (ports), where a pair of meters, real or conceptual, are connected to measure a pair of complementary terminal variables which are necessary to describe the physical behavior of the mechanism. The complementary terminal variables in mechanical systems are the terminal across (translational and rotational velocities) and the terminal through (forces and moments) variables.
The oriented graph representation of the turning-pair connection, the sliding-pair connection and the gear-pair connection are shown in Figure 3 . The relation between the relative velocities and moments of the gears shown in Figure 3c is:
where n 21 = N 2 /N 1 and N i , i = 1, 2 is the teeth number of gear i. M ij is the moment of link i i with respect to link j and M ik is the moment of gear i with respect to carrier arm k.
The oriented graph representation of the robotic bevel-gear train shown in Figure 4 is obtained by replacing the pairs shown in the functional schematic of the train shown in Figure 1 with their oriented graph representation. In this graph the directed lines representing the turning pairs constitute the tree of the graph and called tree branches. The other lines constitute the complementary tree (co-tree). In order to distinguish the tree branches from the others they are drawn dark. 
Kinematic Analysis
From the graph shown in Figure 3 , the following fundamental circuit equations can be written:
Equations (13)- (15) are given as coaxial conditions in the analysis of non-oriented graph technique. In oriented graph technique, these equations are obtained from the graph. Since there are three gear pairs in the system, the angular velocities of the gears with respect to the carrier arms are related and can be written as
Substituting Equations (13) and (17) into (9) yields
Substituting Equations (14) and (16) into (20) yields
And substituting Equations (15) and (18) into (21) yields
Using Equations (22) and (24) 
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where
T is the output angular velocities,
T is the input angular velocities and N is the teeth-ratios coefficient matrix.
The disadvantage of this method is the determination of the carrier arm (transfer vertex) of the gear-pair train. Carrier arm is obtained from the functional representation of the mechanism by intuition.
Tsai-Tokad (T-T) Graph Method.
The weaknesses of the non-oriented graph and the oriented graph techniques are shown in the sections above. The combination of these techniques overcomes the weaknesses mentioned. Since the method in non-oriented graph technique is very useful to determine the carrier arm, this method is inserted in oriented graph technique. This means that the rotation axes of turning-pair links are considered while measuring the complementary variables about these axes. Then in order to determine the carrier arm (transfer vertex) we will start from one of the vertex which represents the gear in meshes and go through the tree branches to reach the other gear. The vertex on this path, which has different levels on opposite sides is the transfer vertex representing the carrier arm. The T-T graph representation of bevel-gear mechanism is shown in Figure 5 .
In Figure 4 , 
